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Abstract
In this paper we prove that for every cardinal κ , the space Cp(Dκ ) admits a continuous bijection
onto a space whose all finite powers are Lindelöf (the symbol D stands for the discrete two-point
space). We also prove that for every metrizable compact space X, the space Cp(X) can be condensed
(i.e., admits a continuous bijection) onto the Hilbert cube Iω . As a consequence it is established that
the space Cp(Dω) can be condensed onto a compact space. In connection to this result, we also prove
that there exist models of ZFC in which the statement “The spaces Cp(Dκ ) can be condensed onto
a compact space for every cardinal κ > ω” is not true. We show also that for every cardinal κ , the
spaces Cp(Cp(Dκ )) and Lp(Dκ ) have dense subsets of countable tightness.  2001 Elsevier Science
B.V. All rights reserved.
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1. Introduction
In Russian terminology, a condensation is a one-to-one continuous mapping of a
topological space onto a topological space. The so-called “Condensation Problem” consists
in an attempt to identify those topological properties that can be improved by means of
condensations. Many results which solve in some way the condensation problem were
obtained in the early forties of this century. And, naturally, the results on condensations
onto compact spaces occupy a special place.
As Cp-theory grew and developed it was natural to pose the condensation problem for
the spaces Cp(X). The first fundamental results here were obtained by Arhangel’skiı˘, and
later contributions include those made by Pytkeev, just to mention a few of them.
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On page 28 in the survey on Cp-theory [1], Arhangel’skiı˘ attributed to Yaschenko the
following question: Can every realcompact space be condensed onto a Lindelöf space?
This question motivated Arhangel’skiı˘ to ask whether Cp(X) can be condensed onto
a Lindelöf space in case Cp(X) is realcompact; and he examined the situation for the
special case of the spaces Cp(Dκ): Arhangel’skiı˘ points out that it is consistent with ZFC
that Cp(Dκ) is realcompact for every cardinal κ . This observation motivates the following
question, which is part of Problem 38 in [1]: It is true that Cp(Dκ ) can be condensed
onto a Lindelöf space for every cardinal κ? In this paper we give a positive answer to this
question.
Problem 38 in [1] has a second part in which asks whether the spaces Cp(Dκ) can
be condensed onto a compact space. With regard to this question, we show that there
exist models of ZFC in which the statement “The space Cp(Dκ) can be condensed
onto a compact space for every cardinal κ > ω” is not true. We further show that for
every metrizable compact space X, the space Cp(X) admits a continuous bijection onto
the Hilbert cube Iω . As a consequence, it is established that the space Cp(Dω) can be
condensed onto a compact space. This last result gives a positive solution to Problem 39
from [1].
In the same paper, Arhangel’skiı˘ asked (see [1, Problem 40]) whether the spaces
Cp(Cp(D
κ)) contain a dense subspace of countable tightness. We prove that the answer
to this question is positive. We also show that the same is true for the spaces Lp(Dκ). This
results give a complete solution to Problem 40 from [1].
2. Terminology and notation
Terminology and notation not explained below are as in [5] and [3].
All spaces under consideration are assumed to be Tychonoff (that is, completely regular
Hausdorff), and all maps are assumed to be continuous.
If f :X→ Y is a map and A⊂X, then f A is the restriction of f to A. We use the term
condensation for a map f :X→ Y which is a continuous bijection. If X and Y are spaces,
the expression X  Y will mean that they are homeomorphic. For a space X and A⊂ X
we denote by A the closure of A in X.
A cardinal number κ is identified with the smallest ordinal number having power κ .
We use χ(X), ψ(X), w(X), nw(X), and d(X) to denote the character, pseudocharacter,
weight, network weight and density of X. The tightness t (X) of a space X is defined as the
minimal infinite cardinal κ such that for any A⊂X, the closure of A in X coincides with
the union of closures of all subsets B of A with |B| κ .
If X is a space, then C(X) is the set of all continuous real-valued functions. We
consider the topology of pointwise convergence and uniform convergence on C(X). The
topological spaces obtained thereby will be denoted by Cp(X) and Cu(X), respectively. If
Y be a subspace of a space X, then πY :Cp(X)→ Cp(Y ) is the restriction map defined
by πY (f ) = f Y for all f ∈ Cp(X). The subspace πY (Cp(X)) of Cp(Y ) is denoted by
Cp(Y |X).
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The symbols R, I and D stand for the set of reals with the standard topology, the unit
interval [0,1], and the discrete two-point set. The Polish spaces are separable completely
metrizable ones. As usual, the abbreviation CH stands for the Continuum Hypothesis and
the symbol c denotes the cardinality of the continuum.
3. Condensations onto Lindelöf and compact spaces
In the survey on Cp-theory [1], Arhangel’skiı˘ asked whether the space Cp(Dκ) can be
condensed onto a Lindelöf space for every cardinal number κ (see [1, Problem 38, p. 28]).
We start with the following result, whose proof depends on a result of Gul’ko, and which
answers in the positive this question of Arhangel’skiı˘.
Proposition 3.1. Let κ  ω. Then there exists a condensation of Cp(Dκ) onto a space
whose all finite powers are Lindelöf.
Proof. Let X be a Σ-product of κ copies of the discrete two-point set D. It is well known
that Dκ = βX. Since X is a Σ-product of spaces of countable weight, we can apply
Theorem 2 in [7] to conclude that Cp(X)n is a Lindelöf space for every n ∈ ω\{0}. Finally,
being X a dense pseudocompact subset of Dκ , the restriction map πX :Cp(Dκ)→ Cp(X)
is a condensation (see [2, 0.4.1]). ✷
The fact that the spaces Cp(Dκ) admit a condensation onto a space whose all finite
powers are Lindelöf, enables us to answer in the positive another questions in [1]. Let us
recall some definitions and facts that can be found in [2].
Given a continuous mapping φ :X → Y , the dual mapping φ∗ :Cp(Y )→ Cp(X) is
defined by φ∗(f )= f ◦ φ for all f ∈ Cp(Y ). The dual mapping φ∗ is always continuous
and it is an embedding if and only if φ is onto. Moreover, if φ is a one-to-one mapping
then φ∗(Cp(Y )) is a dense subset of Cp(X).
Theorem 3.2. Let κ  ω. Then Cp(Cp(Dκ)) has a dense subspace of countable tightness.
Proof. Let X be a Σ-product of κ copies of discrete two-point set D. As we have already
mentioned in the proof of Proposition 3.1, from Theorem 2 in [7] it follows that Cp(X)n
is a Lindelöf space for every n ∈ ω \ {0}. Applying the Arhangel’skiı˘–Pytkeev theorem [2,
2.1.1], we have t (Cp(Cp(X)))= ω.
On the other hand, since the restriction map πX is a condensation, we can see
that π∗X(Cp(Cp(X))) is a dense subspace of Cp(Cp(Dκ)), which is homeomorphic to
Cp(Cp(X)) (see [2, 0.4.6, 0.4.8]). This shows that π∗X(Cp(Cp(X))) is the required
subspace of Cp(Cp(Dκ)). ✷
The last result gives a positive answer to the first question posed in Problem 40 from [1].
In the second part of Problem 40 of the paper [1] Arhangel’skiı˘ asks whether Lp(Dκ)
contains a dense subspace of countable tightness. We can now answer this question
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positively. For this purpose, let us first recall some well-known facts about the spaces
Lp(X) (see Chapter 0 of [2]).
Given a space X, the set Lp(X) is the subspace of Cp(Cp(X)) formed by all linear
continuous functionals on the space Cp(X). It is well known that the correspondence
x ψX(x), where ψX(x)(f ) = f (x) for all f ∈ Cp(X), defines a mapping ψX :X →
Cp(Cp(X)) which embeds X into Cp(Cp(X)) as a closed linearly independent subspace
which we will identify with X.
It is also a well known fact of Cp-theory that for every space X, the set Lp(X) is the
linear hull of X in Cp(Cp(X)). So, for every non-trivial linear continuous functional φ on
Cp(X), one can find a natural n 1, reals λ1, . . . , λn ∈R \ {0}, and points x1, . . . , xn ∈X
such that φ = λ1x1 + · · · + λnxn. Moreover, for any φ ∈ Lp(X), the sets
[φ;f1, . . . , fn; ε] =
{
ψ ∈Lp(X): |φ(fj )−ψ(fj )|< ε for all j = 1, . . . , n
}
constitute a base of neighborhoods of φ in Lp(X), where f1, . . . , fn ∈ Cp(X) and ε > 0
are chosen arbitrarily.
The assertion of the following lemma is probably known, but we failed to find a
reference. So, we give its proof here for the sake of completeness.
Lemma 3.3. Let X be a space. If Y ⊂X = Y then the linear hull 〈Y 〉 of Y in Lp(X) is a
dense subspace of Lp(X).
Proof. It is evident that Lp(X)=⋃n∈ω\{0}Lnp(X), where
Lnp(X)= {λ1x1 + · · · + λnxn: xi ∈X, λi ∈R, i = 1, . . . , n}.
It is sufficient to prove that 〈Y 〉 ∩Lnp(X) is dense in Lnp(X).
Consider the continuous mapping ψn :Xn ×Rn → Lp(X) defined by
ψn(x1, . . . , xn, λ1, . . . , λn)= λ1x1 + · · · + λnxn.
It is easy to see that 〈Y 〉 ∩ Lnp(X) = ψn(Y n × Rn). Since Y is a dense subset of X,
the set Yn × Rn is dense in Xn × Rn and therefore the set ψn(Y n × Rn) is dense in
ψn(X
n ×Rn)= Lnp(X). ✷
The following theorem answers positively the second part of Problem 40 from [1].
Theorem 3.4. Let κ  ω. Then Lp(Dκ) has a dense countably tight subspace.
Proof. Let X be a Σ-product of κ copies of D. As we have already observed, X is
pseudocompact and βX =Dκ . This implies that the restriction map
πX :Cp(D
κ)→ Cp(X)





Therefore, the map π∗X Lp(X) :Lp(X)→ Lp(Dκ) is an embedding.
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Now, observe that π∗X(Lp(X)) is the linear hull 〈X〉 of X in Lp(Dκ). Indeed, from
definition of 〈X〉 and Lp(X) it follows that it suffices to verify that ψDκ (x)=ψX(x) ◦ πX
holds for all x ∈ X. To show that, fix an x ∈ X, and choose arbitrarily an f ∈ Cp(Dκ).
Then ψDκ (x)(f )= f (x)= f X (x)= (πX(f ))(x)= (ψX(x) ◦ πX)(f ), and this is what
we promised.
We can now apply Lemma 3.3 to conclude that π∗X(Lp(X)) is a dense subset of Lp(Dκ).
It remains to recall that, by Theorem 2.1.1 in [2], the space Cp(Cp(X)) has countable
tightness, and so does π∗X(Lp(X)). ✷
A question that arises naturally after we prove Proposition 3.1 is the following one: Is
it possible to condense the space Cp(Dκ) onto a compact space for every cardinal κ? In
fact, Arhangel’skiıˇ asks this question in the second part of Problem 38 of the paper [1].
In Corollary 3.10 we give a positive answer for the special case when κ = ω; and the
following lemma makes it possible to conclude that the statement “The space Cp(Dκ) can
be condensed onto a compact space for every κ > ω” is not true in some models of ZFC.
Lemma 3.5. Let κ > ω. Suppose that X is a space such that d(X) κ and |C(X)|< 2κ .
Then Cp(X) cannot be condensed onto a compact space.
Proof. Assume the contrary. Then there exist a compact space K and a condensation
φ :Cp(X)→ K . Obviously, we have |K| < 2κ . Now, using the classical ˇCech–Pospišil
theorem [6, 3.16], we can conclude that there exists an element h ∈ K such that
χ(h,K) < κ . Take an f ∈ Cp(X) such that φ(f ) = h. Since φ is a condensation,
we have ψ(f,Cp(X)) < κ . Applying the homogeneity of Cp(X), we can conclude
that ψ(Cp(X)) < κ . But then d(X) < κ , which is a contradiction (recall that d(X) =
ψ(Cp(X)) for every space X, see [2, 1.1.4]). ✷
It is well known [9] that there exist models of ZFC in which 2ω = ω1 and 2ω1 > ω2
hold. In a such model of ZFC we have d(Dω2) > ω and |C(Dω2)| ωω2 = ω2 < 2ω1 . Now,
applying the previous lemma we have the following:
Theorem 3.6. (CH+2ω1 >ω2) The space Cp(Dω2) cannot be condensed onto a compact
space.
On the other hand, Arhangel’skiı˘ points out in [1, Example 6.4] that the space W of all
weak P -points in βN \ N is a b-discrete space. This, together with the characterization
obtained by Tkachuk [11] on σ -pseudocompactness of Cp(X), led Arhangel’skiı˘ to
conclude that the space Cp(βN \ N) admits a one-to-one continuous mapping onto a σ -
pseudocompact space; and thus to pose the question (see [1, Problem 34]): Can Cp(βN\N)
be condensed onto a σ -compact space? We are going to use the Lemma 3.5 to get the
following partial result.
Theorem 3.7. The space Cp(βN \N) cannot be condensed onto a compact space.
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Proof. Recall that d(βN \ N) = |C(βN \ N)| = c. So, applying the Lemma 3.5, we can
conclude that the space Cp(βN \N) cannot be condensed onto a compact space. ✷
The theorem that follows is the main result of this paper. It is based on a result of Pytkeev,
which is an important contribution to solution of the condensation problem.
Pytkeev has proved [10] that if Z is a homeomorphic to a non σ -compact Borel subset
of a Polish space then Z admits a condensation onto the Hilbert cube Iω . Using this result,
we will establish that the space Cp(X) admits a condensation onto the Hilbert cube Iω ,
when X is a compact metrizable space.
First, we need to recall that X is a Kσδ-space if it can be represented as the intersection
of a countable family of σ -compact subspaces of some larger space.
Theorem 3.8. Let X be an infinite compact space. If w(X)  ω then Cp(X) admits a
condensation onto the Hilbert cube Iω.
Proof. Consider a countable dense subset Y of X. Since Y is a dense subset of X, the
restriction map πY :Cp(X)→ Cp(Y |X) is a condensation. Thus, to prove our result, it is
sufficient to show that the space Cp(Y |X) admits a condensation onto Iω . To show that,
we will apply the above mentioned Pytkeev’s result. Therefore, we need to check that the
space Cp(Y |X) is a non σ -compact Borel subset of RY (remember that Y is countable, and
hence RY is a Polish space).
Claim 1. Cp(Y |X) is a Kσδ-space.
Indeed, let D ⊂ Cu(X) be a countable dense subspace (since X is a metrizable compact













)= {h ∈RY : |h(y)− πY (d)(y)| 1n for every y ∈ Y
}
.
Note that the sets B(πY (d); 1n) are compact subspaces of RY (because B(πY (d); 1n ) is




]Y ). Therefore, Kn is a σ -compact subspace of RY for every
n ∈ ω \ {0}. Let us show that Cp(Y |X)=⋂n∈ω\{0}Kn. Clearly, Cp(Y |X)⊂
⋂
n∈ω\{0}Kn
so we only need to check that
⋂
n∈ω\{0}Kn ⊂ Cp(Y |X). Let g ∈
⋂
n∈ω\{0}Kn. Then, for
each n ∈ ω\{0}, there exists a fn ∈D such that g ∈ BY (πY (fn); 1n ). Note that the sequence
{πY (fn)} is uniformly convergent to g on Y . We claim that the sequence {fn} is a Cauchy
sequence in the space Cu(X). Indeed, since {πY (fn)} is a Cauchy sequence in Cu(Y ),
given ε > 0, there exists a k ∈ ω \ {0} such that (fn − fm)(Y )⊂ [−ε, ε] for all n,m > k.
But (fn − fm)(X)= (fn − fm)(Y )⊂ (fn − fm)(Y ). Then (fn − fm)(X)⊂ [−ε, ε] for all
n,m > k. Thus, {fn} is a Cauchy sequence in the space Cu(X). Now, since Cu(X) is a
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complete space, there exists an h ∈C(X) such that {fn} is uniformly convergent to h. But
then hY= g. So g ∈Cp(Y |X). This proves that
⋂
n∈ω\{0}
Kn ⊂ Cp(Y |X),
and the claim is proved.
To finish the proof of the theorem, it only remains to prove the following:
Claim 2. The space Cp(Y |X) is not σ -compact.
Assume the contrary and take a convergent sequence Z = {yn: n ∈ ω} ∪ {y ′} in Y . Since
Z is a compact subset of X, the restriction map πXZ :Cp(X) → Cp(Z) is a continuous
surjection (we use here the denotation πXZ for the restriction map rather than πZ to avoid
confusion). But πXZ = πYZ ◦ πXY . Then the map
πYZ Cp(Y |X) :Cp(Y |X)→ Cp(Z)
is a continuous surjection. Therefore the spaceCp(Z) is σ -compact. Applying the principal
theorem of [12], we can conclude that |Z|<ω, a contradiction. ✷
Remark 3.9. Of course, to apply the Pytkeev’s theorem in the proof of the previous
lemma, we only need to prove that the space Cp(X|Y ) is a Borel subset of RY . This fact is
an immediate consequence of a result in [8]. Indeed, since Cu(X) can be condensed onto
Cp(X), the space Cp(X|Y ) is an image under a condensation of the Polish space Cu(X)
(remember that X is a compact metrizable space). So, by Luzin–Souslin theorem [8, 15.1],
we have that Cp(X|Y ) is a Borel subset of RY .
Theorem 3.8 immediately implies the following corollary which answers positively the
Problem 39 of the paper [1].
Corollary 3.10. The space Cp(Dω) can be condensed onto a compact space.
The following theorem gives one more application of Theorem 3.8.
Theorem 3.11. If X is a countable metrizable space then the space Cp(X) admits a
condensation onto a compact space.
Proof. If X is a discrete space, then Cp(X)  Rω. Now, since the usual space of reals
number R admits a condensation onto a compact space, we can conclude that the space
Cp(X) can be condensed onto a compact space. On the other hand, if X is a non-discrete
countable metrizable space, by a result in [4], we can assume that Cp(X)  Cp(Y )
where Y is a convergent sequence. Now, apply Theorem 3.8 to see that Cp(Y ) can be
condensed onto the Hilbert cube Iω . Therefore, Cp(X) admits a condensation onto a
compact space. ✷
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4. Unsolved problems
As usual there more questions left than answers given. The following problems could
require some new methods for their solution.
Problem 4.1. Let |X| ω and X ∈ T3. Does Cp(X) condense onto a compact space?
Problem 4.2. Let X ∈ T3 12 and w(X) ω. Does Cp(X) condense onto a compact space?
Problem 4.3. Let X ∈ T3 12 and nw(X) ω. Does Cp(X) condense onto a compact space?
Problem 4.4. Let κ > c. It is true in ZFC that Cp(Dκ ) does not condense onto a compact
space?
Problem 4.5. Let X be a compact space such that d(X)  ω. It is true that Cp(X)
condenses onto a compact (or σ -compact) space?
Problem 4.6. LetX be a compact space such that Cp(X) condenses onto a compact space.
Is X separable?
Problem 4.7. Does Cp(Dc) condense onto a compact space?
Problem 4.8. Does Cp(βN) condense onto a compact space?
References
[1] A.V. Arhangel’skiı˘, Cp-theory, in: M. Hušek, J. van Mill (Eds.), Recent Progress in General
Topology, Elsevier, Amsterdam, 1989.
[2] A.V. Arhangel’skiı˘, Topological Functions Spaces, Kluwer Academic Publ., Dordrecht, 1992.
[3] A.V. Arhangel’skiı˘, V.V. Tkachuk, Functions Spaces and Topological Invariants, Moscow
University, Moscow, 1985.
[4] T. Dobrowolski, S.P. Gulko, J. Mogilski, Function spaces homeomorphic to the countable
product of /f2 , Topology Appl. 34 (1990) 153–160.[5] R. Engelking, General Topology, Sigma Ser. Pure Math., Vol. 6, Helderman, Berlin, 1989.
[6] I. Juhász, Cardinal Functions in Topology — Ten Years Later, Mathematical Centre Tracts,
Vol. 123, Mathematisch Centrum, Amsterdam, 1980.
[7] S.P. Gul’ko, On properties of subsets of Σ -products, Soviet Math. Dokl. 18 (6) (1977) 1438–
1442.
[8] A.S. Kechris, Classical Descriptive Set Theory, Graduate Texts in Mathematics, Vol. 156,
Springer, Berlin, 1995.
[9] K. Kunen, Set Theory: An Introduction to Independence Proofs, Stud. Logic Found. Math.,
Vol. 102, North-Holland, Amsterdam, 1980.
[10] E.G. Pytkeev, Upper bounds of topologies, Math. Notes 20 (1976) 831–837.
[11] V.V. Tkachuk, The spaces Cp(X): Decomposition into a countable union of bounded subspaces
and completeness properties, Topology Appl. 22 (1986) 241–253.
[12] V.V. Tkachuk, D.B. Shakhmatov, When is Cp(X) σ -countably compact?, Vestnik Moskov.
Univ. Matematika 41 (1) (1986) 70–72.
